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Euclidean differential geometry and affine

differential geometry

Tchebych: . . .
pEsste "l Consider hypersurfaces in the Euclidean space.

WTh . . .
Ll e Euclidean differential geometry

it - Ja unit normal vector field
- Study properties invariant under the Euclidean
transformation.
Introduction o Affine differential geometry
- Choose a transversal vector field.
o Equiaffine differential geometry
- Take a Blaschke normal vector field.
- Study properties invariant under the equiaffine
transformation.
o Centroaffine differential geometry
- Take a position vector field.
- Study properties invariant under the affine
transformation fixing the origin.
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Gauss-Weingarten formula

Euclidean differential geometry

Tchebychev
- E T

HETRL 1
FEnny f: M"— R""L: a hypersurface

bk 04 .

D: the standard flat connection on R"t!
X, Y € X(M)
o Euclidean differential geometry

el n: a unit normal vector field

=— Gauss-Weingarten formula:
Dxf.Y = £.VxY + h(X,Y)n (Gauss)
{Dxn = —£.5X (Weingarten)
V: the Levi-Civita connection

h: the second fundamental form
S: the shape operator

PR
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Gauss-Weingarten formula

Affine differential geometry

Tchebychev
el . V" — R"TL: a hypersurface

Ry .
sp?ffq;,‘g)v D: the standard flat connection on R"t1
Bl XY c x(M)

I o Affine differential geometry

&: a transversal vector field

Introduction —> Gauss-Weingarten formula:
Dxf.Y = £.VxY + h(X,Y)¢ (Gauss)
Dx¢ = —£.SX + 7(X)¢ (Weingarten)

f is called an affine hypersurface.

V: the induced connection

h: the affine fundamental form
Considered as a metric.

S: the affine shape operator

7: the transversal connection form
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Nondegenerate, definite or indefinite affine
hypersurfaces

Tchebyfhev
e
BESS 8 £ /" — R™L: an affine hypersurface
R h: the affine fundamental form
f: nondegenerate (resp. definite, indefinite)
{ def.

h: nondegenerate (resp. definite, indefinite)

Blaschke
hypersurfaces

Proposition

The above definition is independent of the choice of the
transversal vector field .

E=pt+fZ(p: M—R\{0}, Zc X(M)) = ph=nh
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Blaschke
hypersurfaces

Definition of Blaschke hypersurfaces

f : M™ — R"*1: a nondegenerate affine hypersurface
0: the volume form induced by the immersion f
w: a parallel volume form with respect to the flat connection D

O(Xe, ..., Xn) = wW(F X, £ Xn &) (X0, ..., Xn € X(M))

whp: the volume form with respect to the affine fundamental
form h

)QJ...,)C,G.f(A4)SJL 9()ﬁ,...VXh)221
wh(Xla s 7Xn) = |det(h(Xl7 )<J))|

NI

Proposition

3¢ (unique up to the sign) s.t. 7=0 & 6 = wy,

The above £ is called a Blaschke normal vector field.
f is called a Blaschke hypersurface.

h is called a Blaschke metric.
7/21



Affine hyperspheres

Tchebychev
(ERRMEE il
il Definition
TR
Bty ds f : M™ — R"t1: a Blaschke hypersurface

A S: the affine shape operator

f: an affine hypersphere g’) S: a scalar operator

Blaschke S - 0: 'mproper
hypersurfaces 5 7& 0: proper

Proposition

f : M" — R"*1: an affine hypersphere

&: a Blaschke normal vector field

o f: improper <= &: a constant vector

o f: proper <= The lines through f with direction £ meet at
one point (the center).
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Tchebychev 5
terzny M Example (Quadrics)
#ETHEWL .
R a o A proper noncentral quadric is an improper affine

7 74 VHIE
hypersphere.
o A proper central quadric is a proper affine hypersphere.

PR

Theorem (M. A. Magid-P. J. Ryan 1990)
Blaschke

Sl = (X, Y, Z): M? = R3: an affine sphere
If the curvature of the Blaschke metric is 0, then f is one of
the following up to the affine congruence.
o Z = X? + Y2 (definite, improper)
o Z = XY + a(X), a: an arbitrary function
(indefinite, improper)
o XYZ =1 (definite, proper)
o (X2 + Y?)Z = 1 (indefinite, proper)
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Definition of centroaffine hypersurfaces

L
TV .
BT 5 n n .

Bisgeay  f: M"— R":a hypersurfacg

f: a centroaffine hypersurface
{ def.
The position vector intersects with the tangent

space transversally at any point.

PR

n+1 (9
Centroaffine
hyp:rsurfaces Z X’
Welngarten formula
Dx§ = —£.X
S = the identity, 7 =0

The affine fundamental form h is called a centroaffine metric.
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Tchebychev operator

Tchebychev

femF LR _ _
T Consider nondegenerate centroaffine hypersurfaces.
TR 1 :

2278 : M" — R a centroaffine hypersurface

Y V: the induced connection

V" the Levi-Civita connection for the centroaffine metric h
C := V — V" the difference tensor

1
T .= ;trh C: the Tchebychev vector field

Centroaffine

Rorr= $(trnC) = trA, (Yo € Q1(M))
A:a (1,1) tensor s.t.
(@0 O)X,Y) = h(As(X),Y) (X,Y €X(M))

The (1,1) tensor V" T is called a Tchebychev operator.
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Centroaffine
hypersurfaces

EES

f: M" — R""1: a centroaffine hypersurface
C: the difference tensor

T: the Tchebychev vector field

V" T: the Tchebychev operator

Maschke-Pick-Berwald's theorem

C =0 <= f: a quadric centered at the origin

Proposition

T =0 <= f: a proper affine hypersphere centered
at the origin

1995 H. L. Liu-C. P. Wang: Classified centroaffine surfaces with
vhT =0
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Definiteness and the Euclidean Gaussian curvature

Tchebychev . .
s b Consider nondegerate centroaffine surfaces.
TV
FERLT
7 74 VHIE

AR f : M — R3: a centroaffine surface
f: definite (resp. indefinite)

)

the Euclidean Gaussian curvature: positive (resp. negative)

Proof

Centroaffine
surfaces

(x1,x2): local coordinates
Gauss formula:
fxg = Fiifa + Tife — h(0y, 0)f (i =1,2)

ij'x

Take the inner product with the unit normal vector field.
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Notations

Tchebychev H . ..
prasiees e Consider the indefinite case.

Ll f : M — R3: a centroaffine surface
Z K: the Euclidean Gaussian curvature < 0
R (x, y): asymptotic line coordinates
1 1= h(dx, 0y)
d: the signed distance from the origin to the tangent plane

1 K

Centroaffine f
surfaces o= ’l’b det fX det
fux

f'
Bi=1det | f, /det
y

Xh<Sh = <hxh

SH
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Gauss formula in asymptotic line coordinates

Tchebychev
TERRD Y H
TV

Gauss formula

HERILT
7 74 VHIE w o
R fxx S <EX I px) fx + Ef:v
fxy — i == pyfx + Pxﬂ/

= (Lo )+ 58

Centroaffine
surfaces

N V

V4K Y 4K

etc.
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Integrability conditions

Tchebychev om0
e Proposition
TR . — —
i The integrability conditions for the above Gauss formula are
7LV
of

WA (log )y = —9 — ? + PxPy

Qy + Px¥x = Pxx
Bx + pyy = pyy

If p is constant and «, 8 # 0, changing the coordinates, if

necessary, we obtain Tzitzéica equation:
Centroaffine 1

surfaces (Iog w)xy = _¢ =2

Proposition

T: the Tchebychev vector field
— T = grad;p
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Equations of associativity

Tchebychev . 3. 1 ni 1
prchebychey f : M — R’: an indefinite centroaffine surface

e (x, y): asymptotic line coordinates
c=te ol . .
7 71 K the curvature of the centroaffine metric h
B (log ¢)xy
K Ve Xy

T

Consider the flat case. (k = 0)

May assume ¢ = 1.

= Equation of associativity in topological field theory:
Box8yyy — Boxy8xy +1=10

Flat (p= Bxy, O = G, B = gyyy)

centroaffine

surfaces 2004 E. V. Ferapontov: Showed that the integrability
conditions for flat centroaffine
hypersurfaces are equivalent to
equations of associativity.
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Centroaffine surfaces with vanishing Tchebychev

operator

Tchebychev — . 3. ;
st = (X,Y,Z): M — R a centroaffine surface

Ll V" T: the Tchebychev operator
771 Vi K: the curvature of the centroaffine metric h
s VIT =0 = K = 0 except proper affine spheres centered
at the origin with Kk = 1
The case k =0: p,q,r € R

o XPYizZI =1
o {exp (—ptan:l ii) } (X24+Y?)9zr =1

oZ=—-X(plogX+qlogY)
2

a Y

:(Ienttroaffine o/ ==+X IOgX + —

surfaces X

o f = (e, Ai1(x)e”, Ax(x)e”), A1, Az: Linearly independent
solutions to the differential equation:

A" — A" — a(x)A =0, a: an arbitrary function
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Another example

Tchebyghev
temzox Wl Theorem (F. 2014)
TR
HERILT .
5 r 1 VHE f: M — R3: a flat centroaffine surface

WA V" T: the Tchebychev operator
1 1.,
J:=3lcl = Eh’Ph’qhk,C,ij;q: the Pick function

V" T: nonsemisimple & J: constant

— = (Z en1(x)y", Y en2(x)y", Z<pn,3(x)y”)
n=0 n=0 n=0

(x,y): asymptotic line coordinates around (xp,0) s.t.
Flat X0 # O

centroaffine
SLtaes ©0,1, 0,2, ©0,3: Linearly independent solutions to the
differential equation: x¢"” 4+ ¢” — ¢ =0

(n+ D)ot = x@h; (i =1,2,3)
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Characterizations of the surface

Tchebychev le) = —
TERRD Y H J 1

ﬁfﬂ‘f&)—, o Solutions to the equation of associativity:
i g= Xy’ — 5x logx + (polynomials with degree < 2)

o Centroaffine minimal: Extremals of the area integral of
the centroaffine metric h
= tuV'T=0

o The differential equation can be solved by using Meijer G

functions:
20 X2 —_— 1,0 X2 -
p= C]_Go”3 (8 11 0> + ICzG07’3 <—8 11 0>
272 202
Flat
centroaffine 1.0 X2 —
surfaces —+ c3 GO ’3 _— 11 (Cl, ©,C3 € R)
’ 8 ’ 929D

The second and the third terms can be written by using
the generalized hypergeometric function oF;.
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Flat

centroaffine
surfaces
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