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The implicit function theorem

If M — N Is a hypersurface-{ non-singular)
ThenM = {f = 0} locally («+— non-degenerate)

OK|if M andN are smooti{= f smootl)

OK|if M andN are compleX= f holomorphig

What if M andN are CR? (= f CR)?

Yes If M andN are also real-analytic

No In general
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CR geometry

HCTMandJ: H— H such that

- J=-Id (= ranlgH is even)

« [H%1, H%Y € H%t whereH®! = {X|JX = —iX]
Examples

« H=TM whereM is a complexmanifold

e M1 C"andH =TM N JTM,
a CR manifold of hypersurface type

* Q={[2Z] € CP3|1Z4? + |Zo? = |Z3]? + |Z4]?), the
Levi-indefinite hyperqguadrigy CP3

f : M = CisaCR functione Xf = 0VX e I'(H%})
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CR functions

([Z] € CP5||Z41)? + |Zo)% = |Z3)%} = three-sphere

¢h

Theorem(H. Lewy 1956)
CR = holomorphic extension

([Z] € CPs||Z4f° +1Zal* = |Zsf* + |Z4)°} = Q

CP3

Corollary
CR = holomorphic extension

Hence, a CR function o Is real-analytic!
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CR submanifolds ofQ

i
Suppose) D P — Cis a CR function

ThenM = {f = 0} c QIs a CR submanifold
l.e. TM N H Is preserved by.

Conversely, suppose
« M c Q°®*"c Qis a 3-dim CR submanifold
* M is real-analvtic.
Then
- M = MnQfor M c CP; acomplex hypersurface
- M={f =0} for f : Q - C CR and real-analytic

‘Q: Can we drop real-analyticity?A: NO
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Conformal foliations
U = unit vector field or°Pen c R3,

U Is transversally conformal
& Ly preserves the conformal

< metric orthogonal to its leave
h
C h=f+ig (df,dg) =0
ldf(|* = [|dgl|

Ultw=0 (dh,dh) = O

(@) =0 dh = =0

w A dw =0 =@ (@) =0] sk

XX
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Integrable Hermitian structures

Supposel : TR* —» TR* satisfies
« J2=—1d 0 -u -v -w
u 0 —-w v
V W 0 -U
« Je SO(4) 'w -v u 0
u> + v +w’ =1

o« [TOL 7O c TOY whereT?! = {X|IX = —iX}

= J =

— {(paq,r,s) < IR4| P= O} - R4
— 0
Thenl = (‘]%) ‘]R?’ B (u_q + Vi W_) ‘R?’
IS transversally conformal
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Twistor fibration
CP3\{zz3=2=0} > [7,2,z,7]

LT _ ! | _
R4 5 P+ IQ _ 1 72573 + 2471
IS |zl |l | 2Zs - Uz

J?2 = -Id
~1(v) ~ : 4 4
T (x)_{J.TXR — TyR?| J€SOGXR4)}

TheoremA sectionR* 2 °Pe) = CP5 of  defines
an integrabldHermitian structure if and only If

M = J(Q) is a complexsubmanifold.
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Twistor fibration cont’d
CP3\{zz3=2=0} > [7,2,z,7]

I 7 _ _ l | _
y IS | |zP e+ |zlP | - uz
R3 ={p=0)

T H(R®) = {[ € CP3| R(zZ + 2421) = O} = Q\ I

r(x) = (UeT,R3|U|2=1)

Q\ I = unit sphere bundl

TheoremA sectionR3 2 °PeQ) b Qofr:Q\I—R?
defines a conformdbliation if and only if
M = U(Q) Is a CRsubmanifold.
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The story so far

CP3; D Q= S(TSB)
Compactify l l

U
complex surface= M

)

Hermitian structure ? conformal foliation
(Proofs check in local codrdinatgs

= CR three-fold

9,
U
\Y
0

Real-analytic caseM = M n Q et cetera
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Smooth counterexample

2 2
Eikonal equation(g) +(ﬂ) =1

or 0S
Plentyof non-analyticsolutions:
A S
/r
r;

f = signhed distanceo I

f(qr,s) = f(r,S)} (df,dg) =0
- ED
oars = o (dFIR = [dgl2 2
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Real-analytic refinements

w = C-valued real-analytic null 1-form of2°Pe"c R3

eee W ANdw=0
coo o Adw =0 VYo s.t.(o,w)=0
%% Jw =0

*¥kk = 000 = 0060

soe & M — CP3
000 & S C*\ {0} (andx(S)= M)
w#% e S < C*\ {0} such thasS is Lagrangian
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Explicit formulae

Q > CxR® > (zqr9
N N
CPs > C° 3 (z7.2) |

z1=(r+15z—-19
Z, =10z— (r — 19

w=2zdg+i(l+22)dr+(1-2)ds

(w,w) =0 wAdw=2dzA dz; A dz

z=27q,r,s) implicitly by z = ®(z, z») holomorphic

0D 0D
dz=—d —d Adw =0
Z 7 Zl+822 Z > w dw = 0
000
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Explicit formulae cont'd

C?°xR3 5 (w,zq,r,s)
N
C* 3 Wzzn,2)

1 =(r+18)z—Igw
Z, =10z— (r —I1S)W

w = 2wzdg + i(W? + ) dr + (Ww? — %) ds

(w,w) =0 dw = 2i(dzA dz; — dw A dz)
= 2id(zdzy — wdz)
7= Za.r.9) zdzy —wdz = d(E(z, 2))

w=w(Q,r,S)

by NB: Lagrangian w.r.t.
dzA dz; — dw A dz

dw =0

KKK
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