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2. THE MAIN THEOREM

f1 : A* — G4/H;, Pluriharmonic
M M
CQTL GC/HC
U U
fo : B*" — 9/ Hs, Para-pluriharmonic



2.1. Subsp. A?" and B2

AP = {(z;,w;) € C*" |w; = 7 for i},
B = {(z,w;) € C" | 2z = 7, w; = w; for Vi}.

e Complex str. J on A?":

(822) Fa_z@ ‘](aiz) ST

e Para-complex str. T on B2™:

9 o 9
](8_:1:) = or; ](8%) _a%’

where x; := Re(z;) and y; := Re(w;).



—
o (A’ J) is a simply con. Complex mfd,

o (B>", I) is a simply con. Para-complex mfd.

f1: (Azn, J) — G/ Hj, Pluriharmonic

M M
(CQ??, GC/HC
U U

fo: (B?", 1) — G9/Hs, Para-pluriharmonic



2.2. Subsp. G1/H; and Gy/Hs:
GC . a simply con., Simple,
Complex linear alg. subgr. of SL(m, C),
o : a holo. involution of GC,
v, : an antiholo. involution of GC

s.t. o, vg) =0 and (v, 9] =0 (a =1,2).

Notation.
(1) HC = Fix(GC,0),  (2) Gy = Fix(GY, 1),

(3) Hy := Fix(Gq, 0) = Fix(HC, vy).



=
e (GY/HC o) is a Symm. sp.,

o G/ H, are Symm. subsp. of (GC/HC, o), a=1,2.

f1: (A*" J) — (G1/H,, V'), Pluriharmonic

M M
(CZn G(C/H(C
U U

fo 1 (B?", I) — (G/ Ho, V1), Para-pluriharmonic

Here, V! is the canonical aff. conn. on (G /Hag, olg,)-
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The Main Theorem (Boumuki-Dorfmeister).

(no(zi), To(yi)) € P+(g2) X P—(g2)

- an analytic, para-pluriharm. Potential on (B*", I),
(f2)g = m2 0 Cylxy,yi) - (W, 1) — (GafHa, V')

. the Para-pluriharm. map constructed from (ng, 7p)

by Proposition.

s W : an open neighbor. of B*" at (0, 0),
Co(zi,yi) - W x RT — G, map,

T - the proj. from G9 onto Go/ Ho.
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Para—pluriharmonic

£y

Proposition/y

(T}ﬂytﬂ)
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Suppose: (M)

d(v)o(m(zi)) = TA(Z) for V(2,7 A) € A*" x ST,

—
3V an open neighbor. of A?™ at (0, 0),

S hC(z, %) V — HC st
(1) Ci(zi,%) € G1 for "(z;, 7 A) € V x ST,
(2) (f)r:=moCi(2,%): (V,J) — (G1/H1, V)
1s a Pluritharm. map,

where C4 (2, %) == Cx(2, %) - h®(2;, 7).
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Para—pluriharmonic

(M)
Thm

£, = moC
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The Main Theorem =

From a para-pluriharm. Potential (g, 1) with (M),
we can obtain a Pluriharm. map f; = mj o C’g\ :
(V,J) — (G1/Hy, V1) and a Para-pluriharm. map
fo =m0 Cy: (W, I) — (Ga/Ha, V).

f1:(V,J) — (Gy/H;, V1), Pluriharmonic

M M
CQn G(C/H(C
U U

fo: (W, I) — (Go/Hs, V1), Para-pluriharmonic

x V C A" & W C B2, open.

15



Example.

Pluriharmonic
fi A — SU(1,1)/S(U(1) x U(1)) ~ H?
M M
C? SL(2,C)/S(GL(1,C) x GL(1,C))
U U

fo:B? — SL(2,R)/S(GL(1,R) x GL(1,R)) =~ S?

Para-pluriharmonic

s H? : an upper half-plane

S% . a hyperboloid of one sheet.
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01/6 00
(ne(x), 9(y)) = dz, dy
0 0 0

is an analytic, para-pluriharm. Potential on (IB%Z, I)
satisfying (IM).
——
(f2)o =m0 Cyla,y) : (W, 1) — Go/Hy = 57,
1 1 z/6
V1 —xy by 1 ’

is the Para-pluriharm. map constructed from (1, 1)

Co(z,y) =

by Proposition,
where W = {(x,y) € B | zy # 1}.
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In this case,
V ={(2,2) e AZ| 2z £ 1}, h¥(z,z) =1id.
— (fi)x=moC4(2,2): (V.J) — G1/H, = H*,

1 1 z/A
Vi—12P\xz 1)

is a Pluriharmon. map.

C;(sz) —

fi(z,2) - (V,J) — H2, Pluritharmonic.

0

folx,y): (W, 1) — 52, Para-pluriharmonic.
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Digression (What is interesting 7):
fl(zaz> V. — H2
— a spacelike CMC-surface in ]Ri’

2TV

folw,y) : W — 5%

— a timelike CMC-surtace in R?
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(e.g. uyz = —sinhu — CMC-surf. in %wv

Pluriharm. map  —— elliptic PDE

| !

Para-pluriharm. map — hyperbolic PDE

(e.g. Uzy = sinu — K-swrf. in RY)



3. PRELIMINARIES (DEFINITIONS)

3.1. Pluriharmonic & Para-pluriharmonic.

Definition.

(M, g), (N, h) : pseudo-Riem. mfds,

where M 1s oriented.
Amap f:(M,g) — (N, h) is Harmonic, if

(1) Tracey(Vdf) = 0.

s V is the induced conn. on End(TM, f~1TN) from
the Levi-Civita conn. on (M, g) and (N, h).
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Remark. In case of dimgp M = 2,
e Definition of harm. map depends Only on the Con-
formal Class of g;
e the Conf. Class corresponds to the Complex Str. on
M (up to sign) when g is a Riem. metric;
e the Contf. Class corresponds to the Para-complex

Str.on M (up to sign) when g is a Lorentz. metric.

Therefore,
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o Trace,(Vdf) =0 < (Vdf)(9/9z,0/0z) = 0
for ¥(z,%): local holo. coord. on M when (M, g) is a

Riem. surf.

o Trace,(Vdf) =0 <= (Vdf)(9/0y,d/0x) =0
for v(:I:, y): local para-holo. coord. on M when (M, g)

1s a Lorentz surf.
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Definition 1.
(M, J) : a Complex mfd with dimgp M = 2n,

(N, VN ) an Aff. mfd, where VY is torsion-free.
Amap f:(M,J)— (N,VY) is Pluriharmonic, if

0o 0
d( | >:Of 1< Va,b<n,
(H)  (Vdf) o7 0 or1 <Va,b<n
forv(zl, ey Zny 21, - - 5 2n): local holo. coord. on (M, J).

s V denotes the induced conn. on End(TM, f~1TN)
from D and V&, where D is any complex (i.e., DJ =

0) torsion-free aff. conn. on (M, J).
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Definition 2 (Schéfer 2006).
(M, I) : a Para-complex mfd with dimg M = 2n,

(N, V) . an Aff. mfd, where VIV is torsion-free.
Amap f: (M, I) — (N, V") is Para-pluriharmonic,

if
0o 0
P d( | ):Of 1 <Ya.b<n
( ) (v f) aya axb or ~ a ~ N
for v(xl, ey Ty YL, - -, Yn): local para-holo. coord. on
(M, 1)

s V denotes the induced conn. on End(TM, f~1TN)
from D and V&V, where D is any para-complex torsion-

free aff. conn. on (M, I).
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Proposition (Ohnita-Valli 1990).
(M, J) : a Complex mfd,

(N, h) : a pseudo-Riem. mfd.
Amap f:(M,J) — (N, V") is Pluriharmonic

<
fou: (X2 g) — (N, h) is Harmonic for every holo.

curver : (X2, 5) — (M, J) from any Riem. surf. (32, 5, ¢).

Here, V' is the Levi-Civita conn. on (N, h).
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Proposition (Schafer 2006).
(M, I) : a Para-complex mfd,

(N, h) : a pseudo-Riem. mfd.
Amap f: (M, I) — (N, V") is Para-pluriharmonic

<
o1 : (X% g) — (N, h) is Harmonic for every para-
1

holo. curve s : (Z%, i) — (M, I) from any Lorentz surf.

(¥%,4,9).
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Para—pluriharmonic

l.oop Group Method

Proposition/y

30



3.2. Loop group /\Gg.
GC . a simply con., Simple,
Complex linear alg. Subgr. of SL(m, C),

o : a holo. involution of GC,

v an antiholo. involution of GC s.t. [0, ] = 0.

—> The twisted loop group /\Gg: is given by
(
Ay St = G Ay =3 AR,
C . _
AGS = ez 1Akl < o,
o(A\)=A_, for "\ e S!

\ /
where || - || is a matrix norm s.t. |[|A- B|| < ||A]||- || B||

& [id || = 1.
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Fact (Balan-Dorfmeister 2005; Goodman-Wallach 1984).

AGY is a complex Banach Lie gr.

w.rt. [[Ax] = D pez || Ak

3.3. Iwasawa Decomposition of KGU X /N\Gg.

e Define an antiholo. inv. vg of AGE by

vg(Ay) = v(As) for Ay € AGE.

Notation: AG, := Fix(AGY, vg).
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e Define subgr. ATGy and AT Gy of AGy by
ATGo = {A\ € NGy | Ay = 1>0 ApAFY,
AN"Go :={A\ € NGy | Ay =) <o A"},
NGy = {A\ € ATG, | Ay = id}.

e Define a subgr. AGy of AGy by

)
- Ay € AG,| Ay has an analytic ext.
AGO = < A ’ 4 - . )
A, C*— Gt

\

where C* := C\ {0}. Define subgr. A*G, and AF G,

in a similar way.
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Iwasawa decomposition of /A{G(7 X KGU:

Theorem (Brander-Dorfmeister 2009;
Dorfmeister-Inoguchi-Toda 2002).
The multiplication map
A(AGy x AGy) x (AFGy x A= Gy) — AGy x AGy
((Cy,Cy), (BY,BY)) — (Cy\- By, Cy - By)

is a real analytic diffeom. onto the open subset

of AGy x NG

Here, A(AGy x AGy) denotes the diagonal subgr. of
AGy x NGy
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Para—pluriharmonic

Iwasawa decom.

Proposition/‘\ {—=
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Remark.

We may consider that for any Ay € KGU, the variable
A varies not only in ST but also in RT (or more gener-
ally in C*). Because A4y : S! — GC has an analytic

~

ext. A, : C* — aC

Here RY := {# € R|0 > 0}.
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4. RELATION BETWEEN PARA-PLURIHARMONIC

MAPS AND POTENTIALS (Proposition)

4.1. Potential.
(1) GC . a simply con., Simple,
Complex linear alg. Subgr. of SL(m, C),
(2) ¢ : a holo. inv. of G,
(3) v : an antiholo. inv. of G s.t. [0, ] = 0.
(4) HC .= Fix(GY,0), (5) G := Fix(G%,v).
(6) H := Fix(G, o) = Fix(H®, v).
(7) g = b @ m : the canonical decom. of (g, do),

where g := Lie G.
(8) 7 : the proj. from G onto G/H.
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~

Consider subsp. A_1 0@ and /K_Oojlgg of Kga:

~

A_10080 = {X) € Ago | X = 322 | XM},
A o180 =1{Y) € Ago | Yy =X j VM),
where /Kg(; is the Lie alg. of KGO.

y

~

A_1 0080-valued para-holo.

closed 1-forms on (M, I)
\

( )
A_ o 180-valued para-antiholo.

closed 1-forms on (M, I)

\ /
Here, (M, I) is a simply con. Para-complex mfd.
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Definition 3. (m\,T\) € P1(g) x P_(g) is a

para-pluriharmonic Potential on (M, I).

Remark.
For each (ny, 7)) € P+(g) xP—_(g), the variable A can

vary not only in ST but also in RT (or more generally

in C*).
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Proposition.

(19 79) € P+(g) x P—(g)
. a para-pluritharm. Potential on (M, I).

Then, the following steps (S1), (S2) and (S3) provide
an RT-family {fp}ycp+ of Para-pluriharm. maps:
(S1) Solve the two initial value problems:
(7)1 dAy =g, (A dAT =,
Ay (po) = id,
where p,, is a base point in (M, I).
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(52) Factorize (A, Ag) € AGy x AGy in the Iwasawa
decom.:
(A, AJ) = (Cy,Cy) - (By, By ),
where Cy € /N\Gg, B;r c /N\iGg and B, € /N\_Gg.
(S3) Then, fg == w0 Cy : (W,I) — (G/H, V1) be-

comes a Para-pluriharm. map for 0 € Rt

Here, W is any open neighbor. of M at p, such that
both (S1) and (S2) are solved on W.
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Proposition =

From a para-pluriharm. Potential (ny, 7y) € P+(g) X
P_(g) on (M, I), we can obtain a Para-pluriharm.
map fp=moCp: (W,I) — (G/H,V?).

Here, W C M open.
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The Main Theorem.

(mo(x4), (i) € P+(g2) X P—(g2)

- an analytic, para-pluriharm. Potential on (B®", I),

(f2)g = m2 0 Cola, y;) « (W, 1) — (Go/Ha, V)
. the Para-pluritharm. map constructed from (ng, 7p)

by Proposition.

Here, TV is an open neighbor. of B2" at (0,0), and V!

is the canonical aff. conn. on (Go/Hy, oq,).
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Suppose: (M)

d(v1)o(m(zi)) = TA(Z) for V(25,7 A) € A*" x ST,
—
3V an open neighbor. of A?™ at (0, 0),
S hC(z, %) V — HC st
(1) C\(zi,z) € Gy for V(z;, 7 0) € V x S
(2) (f)r:=moCi(2,%): (V,J) — (G1/H1, V)
1s a Pluritharm. map,

where C4 (2, %) == Cx(2, %) - h®(2;, 7).

Here, (1) (A)y) := V1<A1/X) for Ay € AGS.
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Para—pluriharmonic

(M)
Thm

£, = moC
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Definition (Libermann 1952).

M : a real 2n-dim. mifd.

Then M is Para-complex, if 71 : a (1, 1)-tensor field
on M s.t.
(1) I? = id;
(2) dimg T, M = n = dimg T, M for "p € M;
B)UIX,IY|-1TIX,)Y]|-IX,IY]+ |X,Y|=0

for VX, Y € XM,
where T’ plLM is the t-eigensp. of I, (= the value of I
at p) in T, M.
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