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I'll talk about characterization of Monge-Ampére equation

Az + 2Bz, + Czyy, + D + E(zxzy, — ziy) =0, (1)
where each capital letter indicates a function of variables x, y, z, z., z,. A single
second order PDE of one unknown function with two independent variables
corresponds to a hypersurface R in 2-jet space J?(R?, R) with coordinates
(X, ¥,2,p,q,r,5,t) (P:=2¢,q =2y, I '= Z, S := Zy,, t '= Z,,,). On the other
hand, it is well-known that a Monge-Ampeére equation can be expressed in terms
of exterior differential system (EDS)—Monge-Ampére system Z. | studied the
relation between Monge characteristic systems of Monge-Ampeére equation R and
those of Monge-Ampere system Z. From this observation, | characterized
Monge-Ampere equations as hypersurfaces R in J?(R?, R).
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-
Lagrange-Grassmann bundle and single second-order PDEs

Let (J, C) be a contact manifold, i.e. C is a differential system of corank 1 on a
manifold J such that C is locally defined by a 1-form 6 satisfying 8 A (d0)" # 0 at
each point.
Lagrange-Grassmann bundle L(J) (geometric 2-jet space) over (J, C)
L) =Ly ——J
ueJ

where L(J), is the Grassmannian of all Lagrangian subspaces of the symplectic
vector space (C(u), db,).

The canonical system E C T(L(J)) is defined by
E(v) =7 Y(v) C T,(L(J)) for v € L(J).
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Let (J, C) be a contact manifold, i.e. C is a differential system of corank 1 on a
manifold J such that C is locally defined by a 1-form 6 satisfying 8 A (d0)" # 0 at
each point.

Lagrange-Grassmann bundle L(J) (geometric 2-jet space) over (J, C)

L) =Ly ——J
ued

where L(J), is the Grassmannian of all Lagrangian subspaces of the symplectic
vector space (C(u), db,).

The canonical system E C T(L(J)) is defined by
E(v) =7 Y(v) C T,(L(J)) for v € L(J).

We consider a single second order PDE (R, D) of one unknown function with two
independent variables: Set the dimension of J is 5.

R C L(J):a hypersurface such that 7|g is submersion
D = E|g : the restriction of E to R
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Let us fix a point v, € R. It is well-known that the structure equation of
D ={wo=w; =wy =0} is expressed as follows:
If the equation R is hyperbolic around v,, the structure equation is

dwo = w! Ay + w? A (mod ),
dwy = wl A T11 (mod ZUO7ZU1,’W2),
dwy = w? A T (mod wyg, w1, w2),

where {wy, @1, w2, w!, W2, T11, T} is a coframe around v, € R.
Then the Monge characteristic systems M, of (R, D) are defined as

Mlz{wOZW1:W2:w1:TF11:O}
and

MQZ{’WO:ZD1:WQ:(U2:7T22:O}.
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If the equation R is parabolic around v,, the structure equation is

dwo = w! Ay + w? A (mod @),
dw = w2 A T12 (mod ZUO7ZU1,’W2),
dwy = wh A + w2 A T (mod wy, w1, w2),

where {wy, @y, @2, w!, W2, T2, T} is a coframe around v, € R.

Then the Monge characteristic system M of (R, D) is defined as

M:{WOZW1:WQ:L02:7712:0}.
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notation

Let D be a differential system on a manifold . The first derived system D of D
is defined by, in terms of sections,

0D =D + D, D]

where D is the space of sections of D and [, ] is Lie bracket for vector fields.
Furthermore, the k-th derived system 9D is defined inductively by

oKD = 9(0* D).
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Set D={w!=.--=w"=0} locally. Cauchy characteristic system Ch(D) of D
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notation

Let D be a differential system on a manifold . The first derived system D of D
is defined by, in terms of sections,

0D =D + D, D]

where D is the space of sections of D and [, ] is Lie bracket for vector fields.
Furthermore, the k-th derived system 9D is defined inductively by

oKD = 9(0* D).

Set D={w!=.--=w"=0} locally. Cauchy characteristic system Ch(D) of D
is defined as

Ch(D)(x) :=={veD(x) | vadw =0 (mod wl,...,w"),1<%i<n} forxeX
For differential systems D; and D,, D; U D, is defined as

(D1 UDs)(x) := Di(x) + Da(x) C TYX forxe X
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Monge-Ampere system

Monge-Ampeére system on a 5-dimensional contact manifold J is an EDS (an ideal)
Z=A{60,do, ¥}y, CQ*(J)

where @ is the contact form and W is a 2-form that is linearly independent from
df, modulo 6.

hyperbolic ot two
Tis | parabolic | atue J &5 T, has | one | decomposable 2-covector(s)
elliptic no
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Monge-Ampere system

Proposition

Let T be a hyperbolic Monge-Ampére system around u € J. Then T has two
decomposable 2-forms w' A 75, w? A mp around u such that
df = w! Am +w? Am (mod 6). Hence

Z={0,w Ami, w? AT }alg.

Then Monge characteristic systems Hi and Hy of Z is defined by

’H,-:{sz":ﬂ',-:O} fori:1,2.
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Monge-Ampere system

Proposition

Let T be a parabolic Monge-Ampére system around u € J. Then T has one
decomposable 2-form w A 7 around u such that df =0 (mod 6,w, ). Hence

ZT={0,d, wAT }ag.

Then the Monge characteristic system H of Z is defined by

H={0=w=m1=0}.
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prolongation of Monge-Ampere system

Let Z = {6,d0, V },i; be a Monge-Ampere system on J. The prolongation
(Va2(Z), D) of T is defined as follows:

Vo(T) = | Ve(T)y —2— J
ueJ

Vao(Z), = {v C T,J : 2-dim. integral element}

(v C T,J : 2-dim. subspace such that 0], = df|, = V|, = 0}
Wo(Z) ={v € L(J) | V|, = 0} C L(J) : subvariety

as V1(Z) is a submanifold,

D(v) = p'(v) (veWN(T))
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Let Z be a hyperbolic or parabolic Monge-Ampere system and (R, D) the
prolongation of Z.

hyperbolic § parabolic
fiber : fiber
E={0,=w, =m, =0}
singular point
.~ RC L(J) : .~ Rc L(J)
C J C J
I:{G,wl/\m,wz/\wz}alg : IT={0,d0, wAT}ag

hyperbolic: there is no singular points in R. Namely, R is a submanifold of
L(J).
parabolic: there is only one singular point E in each fiber p~1(u) (u € J).
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7T : a hyperbolic Monge-Ampere system
H1,Hz : Monge characteristic systems of 7
(R, D) : the prolongation of Z

Then, for each i = 1,2, there exists a Monge characteristic system M; of (R, D)
such that

M; C p:l(/H,').
Furthermore, we have the following theorem:

Theorem

OM; and 0? M; are (regular) differential systems of rank 3 and 4 respectively and
we have

’M; C p:l(aH,‘), OM; UCh(0D) = p*_l('H,').
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T : a parabolic Monge-Ampére system
‘H : the Monge characteristic system of 7
(R, D) : the prolongation of 7

Then the Monge characteristic system M of (R, D) is contained in the pullback
of H. Namely,

M C pH(H).
Furthermore, we have the following theorem:

Theorem

O(MU Ch(0D)) = p:*(H)

and H is completely integrable if and only if M is completely integrable.
On the other hand, if 9M has constant rank and does not coincide with M, then

PM = pH(H).
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characterization of hyperbolic Monge-Ampere equations

Theorem

Let (R, D) be a hyperbolic PDE and let My and M, denote the Monge
characteristic systems of (R, D). If 9M; U Ch(9D) drops down to J for each
i =1, 2, there exists a Monge-Ampére system I whose prolongation coincides
with (R, D) locally.

Moreover, 0M; U Ch(9D) and My U Ch(OD) are then pullbacks of the Monge
characteristic systems of the system I.

L(J)D R D D OM; UCh(dD) = p; ' (H,)
™ O p=r|r % drops down
J TJ DO H; (corank 3)

Atsushi Yano (Hokkaido University (D1)) (Geometric characterization of Monge-Ampere equation January 27, 2011 11 /15



- ___________________________________________________
characterization of hyperbolic Monge-Ampere equations

Theorem

Let (R, D) be a hyperbolic PDE and let My and My denote the Monge
characteristic systems of (R, D). If 9M; U Ch(0D) drops down to J for each

i =1, 2, there exists a Monge-Ampére system I whose prolongation coincides
with (R, D) locally.

Moreover, 0M; U Ch(0D) and 0My U Ch(OD) are then pullbacks of the Monge
characteristic systems of the system T.

Theorem
Let (R, D) be a hyperbolic PDE and let My and My denote the Monge
characteristic systems of (R, D). If Ch(0M; U Ch(8D)) = Ch(AD) (resp.

Ch(0M>z U Ch(8D)) = Ch(OD)), there exists a Monge-Ampeére system I whose
prolongation coincides with (R, D) locally.
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characterization of hyperbolic Monge-Ampere equations

L(J)D R D D OM; UCh(dD) = p; ' (H,)
O

™ p=r|r % drops down

J TJ DO H; (corank 3)

Remark

If Ch(a/\/ll U Ch(@D)) = Ch(9D) (resp. (‘11(:('),\/12 U Ch(8D)) = Ch(dD)),
OM1 U Ch(dD) (resp. dM, U Ch(0D)) drops down to J = R/Ch(dD). Thus
this theorem implies that if one drops down, the other also does.

Hence it is understood that each Monge characteristic system has the complete
information whether R is a Monge-Ampére equation or not.
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Example

r+s=0 (z«+2z,=0) Monge-Ampeére equation
(S(R*%R) = R : (x,y,2,p, 4, 1,5, t) = (X, ¥,2,p,q))
Mi={wpg=w1 =wpr=dx—dy=ds=0}

MQZ{WOZW1:W2:dy:dt+dS:O}
where wy = dz — pdx — qdy, w1 = dp + sdx — sdy, wy = dq — sdx — tdy

8M1={w0:w1:dx—dy:ds:0}
3M2:{w0:w2+w1:dy:dt+ds:0}

OM;UCh(OD) ={wo=w1 =dx—dy =0}
={dz—pdx—qgdy=dp=dx—dy =0}

OMyUCh(OD) ={wo=wr+ w1 =dy =0}
={dz—pdx—qdy =dp+dg=dy =0}
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Example

r+1s°=0,5#0 (zx+3(zy)*=0) non-Monge-Ampére equation
(S(R%,R) = R : (x,¥,2,p,4, 1,5, t) = (X, ¥,2,p,q))
Mi={wmo=wi =w, =dx— idy =ds =0}
MzZ{ZUO:wlz?EQ:dy:dt—f—%dS:O}
where @y = dz — pdx — qdy, @y = dp + 3s%dx — sdy, @, = dq — sdx — tdy
8M1:{wo:w1:dx—%dy:ds:O}
oMo :{WO :wz—i-%wl :dy:dt—‘r%dS:O}
3M1UCh(3D) = {wo = w1 — dx — %dyZO}
:{dzfpdqudy:dpf%sdy:dxf%dy:O}
OMy U Ch(9D) = { wo ZWQ-l-%wl =dy=0}
:{dz—pdx—qdy:dq—i—%dp—%dX:dy:O}
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characterization of parabolic Monge-Ampeére equations

Theorem

Let (R, D) be a parabolic PDE. Let M denote the Monge characteristic system of
(R, D). If O(M U Ch(AD)) drops down to J, there exists a Monge-Ampére
system I whose prolongation coincides with (R, D) locally.

Moreover, §(M U Ch(8D)) is then the pullback of the Monge characteristic
system of the system Z.

L(J)D R D D9(M U Ch(dD)) = p; ' (H)
T O p=1|r % drops down
J TJ DO H (corank 3)
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characterization of parabolic Monge-Ampeére equations

Theorem

Let (R, D) be a parabolic PDE. Let M denote the Monge characteristic system of
(R, D). If O(M U Ch(AD)) drops down to J, there exists a Monge-Ampére
system I whose prolongation coincides with (R, D) locally.

Moreover, d(M U Ch(OD)) is then the pullback of the Monge characteristic
system of the system T.

Theorem

Let (R, D) be a parabolic PDE. Let M denote the Monge characteristic system of
(R, D) and assume M has constant rank. /f Ch(9(M U Ch(9D)))(v)
contains Ch(0D)(v) at each point v € R, there exists a Monge-Ampére system T
whose prolongation coincides with (R, D) locally.
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Thank you for your attention
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Sketch of proof:

Let us fix a point vp € R. Set D = {wp = w; = wp =0} around v.

structure equation integrability conditions
dwgy = wl A w1 + w? A w2 (mod W()), d2’W(] =0 (Il’lOd wo,wl,wz)
dw, = w! Ay (mod wy, w1, w2) & d*>wy =0 (mod @y, w?, @)
dwog = w? Ay (mod wo, w1, @) d*w; =0 (mod my, w1, w2, w?)

= @, @1, e, w!,w?, 1, T2g } ¢ coframe around vy such that

mod y),
mod @y, @, w! A @a, w? A @),

dwo = w' ANy + w? A ws (

dw1 Ewl/\ﬂ'll—kQWQAﬂ'zQ (

dwy =w? Amag —hywi AT (mod o, e, w! A @y, w? Aw),
(mod @y, @1, ws, w),
(mod wy, @1, @2, w?).

dw' = hyw? ATy
de = kz wl N oo

where hy, hy are local functions on R.

Therefore we have

" ~
wi=w =7; =0},

8/\/{; = {wo

OM; U Ch(dD) = { wo wi:wiIO}.
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If 9M; U Ch(9D) drops down to J for each i = 1,2,

there exists a differential system H; = {0 =7, =& =0} s.t.
p:l('H,‘) = 9OM,; U Ch(dD) for i =1,2,

and we may have
df = (Kio") A7y + (Ko@) A7, (mod 6),

where Ky, K> are functions on J.

We construct a Monge-Ampeére system
1= {9, ot AT, o° A T }alg,

whose Monge characteristic systems are H; and Hos.

Thus each v around vy is an integral element of Z, that is, the prolongation
of Z coincides with (R, D) locally.
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