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Symplectic manifolds

Definition

(P2, Q) : symplectic manifold
=

(1) Qis a closed 2-form on P
(2) Qis nondegenerate

Definition

L" ¢ P?" js Lagrangian
e QIL =0
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Cotangent bundles

For any manifold M, the cotangent bundle T*M has the natural symplectic
form Q:

Qu = de A dyj

n
i=1

0 x; : coordinates of M y; : fiber coordinates[]

This symplectic form Qy is called the canonical form on T*M
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Cotangent bundles

Let ¢ be a 1-form on M.

L=¢(M):Lag © d¢p =0 (¢€Z'(M))

"M

X

Figure: horizontal Lagrangian submanifold
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Lagrangian intersections on cotangent bundles

LetLy = ¢1(M), Lo = ¢2(M) (¢1, 2 € Z1(M)) be horizontal Lagrangian
submanifolds. Define

F::¢2—¢1621(M)
1
GZ:§(¢1+¢2)ZM—>T*M

Then,

x € ZerqlN) = ¢1(x) = ¢2(x)
= G(X) = ¢1(x) = ¢2(x) eL1NLy

The intersection of two horizontal Lagrangian submanifolds is given by the
zero points of closed 1-form I'.
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A. Weinstein’s theorem

A. Weinstein extended this property for Lagrangian intersections of
general symplectic manifolds.

Theorem (Weinstein, 1973)

(P, ) : symplectic manifold
L1, Ly : Lagrangian submanifolds of P
> := L1 NnL,is a submanifold of P

= If a pair of Lagrangian submanifolds (L;,L;) is C* close to (L, L),
there are

rezi(x)

G:2—->P

such that
p € Zergl') = G(p) e L; NL,
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A. Weinstein’s theorem

In particular, consider the case that
° (P,Q)=(T"M,Qu)
@ L; = Ly(=:L): horizontal Lag
Then, X =L =M

If Li, Lé are Cl close to L, then Li and Lé are also horizontal and the
intersection is given by the zero points of some I € Z1(M).
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Lusternik-Schnirelmann category

Consider the topological invariant cat(¥), Lusternik-Schnirelmann
category of 2. This is the least number of contractible open sets which
cover X.. Then, the next theorem holds.

Theorem (Lusternik, Schnirelmann)

> : a compact manifold
f : a smooth function on -
= The number of critical points of f is at least cat(X)

In the Weinstein’s theorem, if ¥ is compact and I' = df, the number of
critical points of f (or zero points of I') is at least cat(). Therefore L} N L}
has at least cat(X) points.
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Coisotropic submanifolds

Definition

M2"~" ¢ P is a coisotropic submanifold (0 < r < n)
& (TpM)? cTpM (p e M)

where
(ToM)? = {v e TP | Q(v,w) = 0 ("w € TpM)}

For example, in the 2n dimensional Euclidean space with canonical form
(R2",Qyp), define M as follows

M= {(Xt, ", Xn, Y1, Yn) [ Ynorp1 = -+ = Yn = 0}
Then, M is a coisotropic submanifold.

M:lag & (TM)?=TM
& M : coisotropic, r =n
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Coisotropic submanifolds

For a coisotropic submanifold M, (TM)Q C TM is a completely integrable
distribution in M. This defines a foliation of M.
Let L, be the leaf through p € M.

M2n—r c P2n

Ly

Figure: a coisotropic submanifold with leaves

Since
dim TpM + dim(T,M)? = 2n

holds, the dimension of the foliation is r.
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Leaf-wise intersections

M c P : coisotropic submanifold
Y € SymgP) := {y € DIff(P) | y*Q = Q}

Definition
p € M : leaf-wise intersection of
& Y(p) €Ly

Figure: A leaf-wise intersection
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Leaf-wise intersections

LWIwu () denotes the set of the leaf-wise intersections of i :

LWIw(¥) == {p € M | ¥(p) € Lp}

Examples of leaf-wise intersections :
@ Fixed points of ¢y € SympgP) (r = 0)
@ Lagrangian intersections (r = n)
@ Periodic orbits in Hamiltonian systems (r = 1)
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Examples of leaf-wise intersections

() (r = 0) First example is the case M = P. In this case,

(ToM)? = (0}, Lp = {p}
Then,
pelWin(y) < v(p)=p
& p e Fix(y)

In this example, leaf-wise intersections of ¢ are fixed points of .
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Examples of leaf-wise intersections

(2) (r = n) Second example is the case of connected Lagrangian
submanifold M c P.

(ToM)® = ToM, Lp = M
Then,

pelWin(y) & y(p)eM
e yY(p) eMNy(M)
Since y preserves the symplectic form, (M) is also a Lagrangian

submanifold of P. In this example, leaf-wise intersections of i are
Lagrangian intersections of two Lagrangian submanifolds M, (M).
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Examples of leaf-wise intersections

(3) (r = 1) Third example is about periodic orbits of Hamiltonian systems.
Let (P, 2, H) be a Hamiltonian system. Define the Hamiltonian vector field
Xy of H by

Xl = dH
The integral curves of Xy are called orbits of Hamiltonian system (P, 2, H).

Let c € R be a regular value of H and define
M = H(c).
Assume that all orbits in M are periodic.

O For example, consider (P,Q) = (R?", Q) and the Hamiltonian function

n
_ e 2 2
H= > KE:1/1(xk +yg) (@>0, A €N)

0 then, all orbits in M = H™(c) (c > 0) are periodic.
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Examples of leaf-wise intersections

Consider the perturbation H + H of this Hamiltonian system. Here,

H:PxR—-R, H(Lt)=0(t<a, b <t)

Figure: definition of ¥
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Examples of leaf-wise intersections

M = H™1(c) is coisotropic and the leaves of M are orbits of H. If
p € LWIn(¥), ¥(p) lies on the orbit of H through p. Then, the orbit of the
perturbed system (P, Q,H + H) through p € LWIy(y) att = a is periodic.

In this example, the leaf-wise intersections of  are the periodic orbits.
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J. Moser’s theorem

J. Moser proved the next theorem about leaf-wise intersections.

Theorem (Moser, 1978)

(P, Q) : simply connected symplectic manifold
Q : exact form

M c P : compact coisotropic submanifold

=

If y € Symg(P) is C! close toidp : P — P, ¢ has at least two leaf-wise
intersections.
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Main theorem

| proved the next theorem by using the Weinstein’s theorem.

Main Theorem

(P, Q) : symplectic manifold

M c P : coisotropic submanifold

=

If € Symg(P) is C! close to idp : P — P, there are

rez(m)
G:M—>PXxP

such that
p € Zerdl) = m10G(p) € LWIn(y)

Particularly, if M is compact and I = df, then ¢ has at least cat(X)
leaf-wise intersections.
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Remarks on main theorem

In this theorem, suppose that P is simply connected. Then I is exact.
Moreover, suppose that M is compact. Then any smooth function on M
has at least two critical points. Therefore,  has at least two leaf-wise
intersrctions.

Hence,

Main Theorem = Theorem (Moser)
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Remarks on main theorem

There is a LS category for foliated manifolds. We only have the evaluation
of the critical points of a function which is constant on each leaves by this
LS category.

On the other hand, the function f on main theorem is not necessarily

constant on each leaves.

The extended LS category is useless for evaluating the number of
leaf-wise intersections of a symplectomorphism .
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Thank you very much!
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